within a given search space. We have implemented the algorithm, and our executions have so far found five new good examples.
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The Basis for the Algorithm
In this section we will state some basic definitions and theorems. In the next section we will explain our algorithm.
We use capital Latin letters to denote polynomials, and we use small Latin letters to denote numbers.
Definition 2.1 The polynomials B, C, F and H are defined by by

B(q, p, x)
= p 2 − q 2 x (1) C(q, p, x, y) = p 3 − 3pq 2 x + 2q 3 y
F (q, p, x, y) = 4pC − 3B Proof: Clause (1) and (4) follow straightforwardly from the definition of the polynomials B, C and H. Clause (2) and (3) hold by Lemma 2.2. Furthermore, 
where the equalities labeled (a), (b) and (c) hold by the definitions of respectively F , B and C. The proof of (6) is also straightforward. QED.
The proof of the next theorem is long and involved. Most of the poof can be found in the Section 5. The reader should note that the p and the q given by the theorem are such that p q is a rational approximation to √ x.
Theorem 2.4
Let (x, y, k) be a good triplet. Then, there exists p, q ∈ N such that p < x 2/3 + 1 and q < x 1/6 and • 0 < C(q, p, x, y) < 3qx 1/6 + 1
• |F (q, p, x, y)| < 8q + 1
• |H(q, p, x, y)| < 72q 4 + 1.
The final theorem in this section is a straightforward consequence of Definition 2.1.
Theorem 2.5 We have
3 The algorithm.
Our algorithm works by examining quadruples (q, f, c, h). For every good triplet (x, y, k), Theorem 2.4 guarantees at least one quadruple (q, f, c, h) such that
(ii) 0 < c = C(q, p, x, y) < 3qx 1/6 + 1
The algorithm uses the equalities in Theorem 2.5 to compute good triplets from quadruples. The algorithm uses the modulo equivalences of Theorem 2.3 to find quadruples that may yield a good triplets.
Choose x max and set q max = x 1/6 max . The following algorithm finds all good triplets with x < x max :
1. For q = 2, . . . , q max , examine the corresponding values of f, c, h as outlined in the following steps:
2. Introduce the auxiliary variable p 0 . Examine each p 0 < q such that p 0 and q are co-prime. Let p be such that p 0 ≡ p mod q (we do not compute p). By Theorem 2.3, f ≡ p 4 mod q 2 , so f ≡ p 4 0 mod q. Also, by (iii), |f | < 8q + 1. Thus we can describe (and compute) the set S f of possible values of f by
3. For f ∈ S f , introduce the auxiliary variable p 1 . Examine all p 1 such that p 4 1 ≡ f mod q 2 and 0 < p 1 < q 2 . Define the set 7. Introduce h 3 ≡ h 2 mod q 3 such that h 3 satisfies (4) and (6) in Theorem 2.3. This means that we must find h 3 such that h 3 ≡ h 2 mod q 3 and
2 ) mod (9f ). By the Chinese Remainder Theorem:
if q | 3 then
8. Having established the preceding relation for h, using that 0 < |h| < 72q 4 , we are now in a position to find the possible values of h (given q, f, c).
9. The final steps of the algorithm consists of using the equations in Theorem 2.5 to compute a good triplet from q, f, c, h (if such a triplet exists):
; if b is not an integer, then we do not have a good triplet.
; if p is not an integer, then we do not have a good triplet.
12. x = p 2 −b q 2 ; if x is not an integer, then we do not have a good triplet.
; if y is not an integer, then we do not have a good triplet.
14. k = x 3 − y 2 ; if |k| < √ x, we have a good triplet.
Validity of the algorithm
The algorithm works by identifying rational approximations p q to √ x, where x is the first component of a good triplet. These approximations are found by examining tuples (q, f, c, h): for every good triplet (x, y, k) at least one such tuple T x exists, with q < x 1/6 (Theorem 2.4). Now assume that p q is an approximation to √ x where x yields a "good example". Also assume that x < x max . By the following argument, the algorithm exhausts all the possibilities for (q, f, c, h).
For each q, we examine all p 0 such that 1 ≤ p 0 < q, with p 0 and q are co-prime (if p 0 and q should have a common factor r, then By Theorem 2.3, f ≡ p 4 mod q 2 . Let S p1 be the set of (at most 4) solutions of the quadratic congruence f ≡ p
Now, for each p 1 in S p1 , let S c,p1 be the set consisting of the values
The c corresponding to the tuple T x will be in S c,p1 for one of the p 1 in S p1 .
Let p 2 ≡ p mod q 3 . By clause (5) By clauses (4) and (6) in Theorem 2.3, we have h ≡ −8c 2 mod (9 |F |) and h ≡ 5cp 3 − 4p 6 mod q 3 . Introduce the variable h 3 = the smallest positive integer that satisfies these clauses; and define the set S h (c, f ) as the collection of all values < 72q 4 + 1 that satisfies these clauses (for given p 0 , c, f ). Then h ∈ S h (c, f ), and the algorithm will accordingly produce the output of the quantities b, p, x, y, k.
Results.
In order to investigate the feasibility of the algorithm, the algorithm was implemented in Python and tested with values of q max up to 1000. As results looked promising, the algorithm was reimplemented in C, using the Gnu MultiPrecision library to carry out operations with arbitrary-length integers. This program was run with q max = 10000 (corresponding to a x max of 10 24 ). This run took 57 processor-days; after 35 days it produced the solution ♯44 in Table 1 Proof: For any x, y ∈ N, we have γ ∈ R such that y = x 3/2 (1 + γ). For convenience, let w denote √ x. Then, we have
Furthermore, we have,
This establishes that γw 3 = −k/(y + w 3 ), and thus
Next, note that y cannot equal w 3 (if y = w 3 = x 3/2 , then (x, y, k) will not be a good triplet as x 3 − y 2 = 0). So, we have either y > w 3 or y < w 3 .
Assume that y > w 3 = x 3/2 . Then, since x 3 − y 2 = k, we have k < 0. By (**), we have
Assume that y < w 3 = x 3/2 . Then, since x 3 − y 2 = k, we have k > 0. Moreover, we have w 2 < y (if y ≤ w 2 = x, then (x, y, k) will not be a good triplet as
. Now, by (**), we have
QED.
Proof: First we note that √ x is an irrational number when (x, y, k) is a good triplet. (If √ x is a natural number, then (x, y, k) will not be a good triplet as 
and k i < k i+1 . For more on continued fractions, see e.g. [5] . Now, pick the least j such that k j+1 > x 1/6 . Let q = k j , let p = h j and let Q = k j+1 . Then, we have 1
where q < x 1/6 < Q (we cannot have q = x 1/6 as x 1/6 ∈ N). Next, let δ be the real number such that p = q √ x(1 + δ). Then, we have
QED.
The next proposition corresponds to the first clause of Theorem 2.4.
Proposition 5.3
Let (x, y, k) be a good triplet. Then, there exist p, q ∈ N such that 0 < C(q, p, x, y) < 3qx 1/6 + 1 .
Moreover, q < x 1/6 and p < x 2/3 + 1.
Proof: To improve the readability, we will use w to denote √ x. First we observe that the two preceding lemmas yield p, q ∈ N and γ, δ ∈ R such that
Thus, whenever (x, y, k) is a good triplet, we can fix p, q ∈ N and γ, δ ∈ R such that C(q, p, x, y) = q 3 w 3 (δ 3 + 3δ 2 + 2γ). Moreover, Lemma 5.2 states that q < x 1/6 . We invite the reader to check that it follows from Lemma 5.2 that p < x 2/3 + 1. Next, we will use the bounds given in Lemma 5.1 and Lemma 5.2, to prove that
and
This, will complete the proof of the proposition (since w 1/3 = x 1/6 ).
We prove (*). It follows from Lemma 5.2 (iii) that |δ| < 1 2 and, thus, we have
since |k| < w (We have |k| < w since w = √ x and (x, y, k) is a good triplet.) Now we have proved C > −1, but C cannot be 0 as we e.g. have p = (F + 3B
2 )/4C (see Theorem 2.5). Thus we conclude that C > 0. This proves (*).
We turn to the proof of (**). By Lemma 5.2, there exists Q > x 1/6 = w 1/3 such that This completes our proof. QED.
The next two proposition correspond to, respectively, the second and third clause of Theorem 2.4. Detailed proofs of these two propositions will not be included in this preliminary report.
Proposition 5.4 Let (x, y, k) be a good triplet. Then, there exist p, q ∈ N such that |F (q, p, x, y)| < 8q + 1.
Proof: Use Lemma 5.1 and Lemma 5.2 to prove that there exist p, q ∈ N and γ, δ ∈ R such that F (q, p, x, y) = q 4 x 2 (8γ + 8γδ + 4δ 3 + δ 4 ) .
Then, use the bounds given in the two lemmas to prove that the proposition holds. QED.
Proposition 5.5 Let (x, y, k) be a good triplet. Then, there exist p, q ∈ N such that |H(q, p, x, y)| < 72q 4 + 1.
Proof: Use Lemma 5.1 and Lemma 5.2 to prove that there exist p, q ∈ N and γ, δ ∈ R such that H(q, p, x, y) = q 6 x 3 (144δγ − 32γ 2 + 40δ 3 γ + 120δ 2 γ + 6δ 5 + δ 6 ) .
